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Abstract
The construction of physical models with local time-reparametrization invariance is reviewed.
Negative-energy contributions to the hamiltonian are shown to be crucial for the realization of
this reparametrization symmetry. The covariant formulation of the dynamics is used to develop
a time and gauge invariant Hamilton-Jacobi theory. This formalism is applied to solve for the
cosmology of a homogeneous universe of the Friedmann-Lemaitre-Robertson-Walker type. After
a discussion of empty universes, the FLRW theory is extended with homogeneous scalar fields
generically described by a σ-model on some scalar manifold. An explicit gauge-invariant solution
is constructed for the non-linear O(N)-models.
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1 Introduction
Reparametrization invariance is an essential ingredient of many fundamental theories of
physics, including particle models, general relativity, supergravity and string theory [1,
2, 3, 4, 5, 6]. An important consequence of this large local symmetry is the imposition
of constraints, especially the hamiltonian constraint restricting the dynamics to a fixed
hypersurface in phase space, characterized by the vanishing of the hamiltonian [7, 8, 9].
A local realization of such constraints usually requires the introduction of unphysical
degrees of freedom, such as gauge fields, ghosts and Lagrange multipliers, which later have
to be removed from the theory to exhibit the relevant relations between physical quantities
predicted by the model [10, 11, 12]. Especially in quantum field theory there is an intricate
set of rules for dealing with these difficulties, including the techniques of gauge fixing, ghost
fields and BRST-cohomology [13, 14].
In this paper we consider a relatively simple, but physically relevant class of theories
with time-reparametrization invariance, where the dynamics can be followed in complete
detail, while circumpassing almost entirely the difficulties mentioned above. These mod-
els describe the evolution of the homogeneous background space-time and scalar fields in
models of cosmology in the context of the Friedmann-Lemaitre-Robertson-Walker metric
(FLRW). For an overview see ref. [15]; a recent exposition of the dynamics of the homoge-
neous backgrounds is found in [16]. In this paper the main tool for our treatment of the dy-
namics of these extended mini-superspaces is the Hamilton-Jacobi method [17, 18, 19, 20].
In effect, for theories in this class we can construct Hamilton-Jacobi functions in terms of
physical degrees only, without having to specify a particular choice of gauge.
We consider in particular FLRW cosmologies extended with light scalar fields whose dy-
namics is governed by the geometry of the target manifold, i.e. σ-models like the non-linear
O(N)-model [21, 22]. It turns out, that in these models the evolution of the cosmological
scale factor is almost independent of the specifics of the scalar theory, except for the en-
ergy density it creates. At the same time, the dynamics of the scalar fields can be solved
in detail for the various cosmological scenarios. Apart from the potential relevance for
cosmology —applications to theories of inflation [23, 24] or quintessence [25, 26, 27, 28]—
this provides one with a laboratory for developing a detailed understanding of the inter-
play between scalar field dynamics and cosmological evolution of a spatially homogeneous
universe. Actually, our solutions might also be used in principle as background field so-
lutions for theories of density fluctuations and gravitational waves, like those used e.g. in
the analysis of the CMB radiation [29, 30, 31].
2 Time reparametrization invariance
In this section we review the implementation and consequences of time-reparametrization
invariance for dynamical systems with a finite number of (reduced) degrees of freedom,
such as in particle mechanics or the cosmology of homogeneous universes. Such systems are
described by a set of configuration variables q = (qi, ..., qr); for simplicity we assume these
1
variables to take values in the real numbers. Being concerned at this point with classical
systems, we also take it for granted that these values can not jump; more precisely, we
take the evolution of the system q to be represented by a continuous and differentiable
curve in the r-dimensional configuration space. This curve is a map from the real line into
the configuration space, such that each point on the curve is labeled by a real number
t, interpreted as a time variable. Any such curve q(t) describes a possible history of the
system.
There exist systems the dynamics of which is independent of the choice of time variable.
Such systems often possess an internal degree of freedom acting as a clock, and any choice
of time parameter merely serves to parametrize the points of a history, allowing to relate
them to the value of the internal clock variable [32, 33, 34]. Examples will be given below.
First, we set up the formalism for dealing with time reparametrization invariance in
the frame work of lagrangean dynamics. We consider standard lagrangeans, functions
of the configuration variables q(t) and the velocities q˙(t). If the configuration is to be
independent of the choice of time variable, a redefinition of time t → t′(t) must leave the
values of q at the same point in history unchanged:
q′(t′) = q(t). (1)
Thus the variables qi(t) are scalars (0-forms) on the time line. Time-invariant integration
is achieved by introducing a 1-form N(t)dt, where N is the lapse function, transforming
under reparametrizations as
N ′(t′)dt′ = N(t)dt. (2)
The inverse lapse function can then be used to define covariant time derivatives:
Dq = 1
N
q˙, (Dq)′ (t′) = Dq(t). (3)
This provides a construction for invariant lagrangeans L(q,Dq), and corresponding actions
A[q;N ] =
∫ t2
t1
dtNL(q,Dq). (4)
Under variations of the variables vanishing at the boundary, the variation of the action is
δA =
∫ t2
t1
dt
[
Nδq ·
(
∂L
∂q
−D ∂L
∂Dq
)
+ δN
(
L−Dq · ∂L
∂Dq
)]
. (5)
Hence stationary points of the action must satisfy two conditions: first, the Euler-Lagrange
equation must hold in the form
∂L
∂q
−D ∂L
∂Dq = 0, (6)
and second, there is a first-class constraint imposed by the variation with respect to the
lapse function:
L−Dq · ∂L
∂Dq = 0. (7)
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The left-hand side of this equation is seen to be the Legendre transform of the lagrangean
with respect to the physical degrees if freedom; therefore defining the covariant momentum
and hamiltonian:
P =
∂L
∂Dq , H = P · Dq− L, (8)
the constraint (7) is seen to amount to the vanishing of the hamiltonian: H = 0. The
implication of the reprametrization invariance is, that the phase space is reduced to the
hypersurface where this condition holds. Note, that there is no canonical momentum
associated with the lapse function:
pN =
∂L
∂N˙
= 0. (9)
Of course this just signifies that N is a pure gauge degree of freedom, counting copies of the
physical phase space related by different choices of the time parameter. The vanishing of
the hamiltonian guarantees that the actual histories of the physical system do not depend
on the specific choice.
In the following we apply this formalism in particular to lagrangeans quadratic in the
velocities:
L =
1
2
Gij(q)DqiDqj − V (q), (10)
where Gij(q) is the metric on the configuration space; then
Pi = Gij(q) q
j, H = 1
2
Gij(q)PiPj + V (q). (11)
Note that for positive definite metrics the hamiltonian constraint can be solved non-trivially
only in domains where V < 0; if V = 0 the only solutions allowed are constant ones:
Dq = 0, and for V > 0 no solutions can exist at all. Reparametrization invariance is
more relevant for theories (10) with indefinite metrics. This is also the precondition for
the existence of internal clock variables.
The hamiltonian constraint provides a convenient derivation of the Hamilton-Jacobi
equation. Consider a solution of the constraint and Euler-Lagrange equation qc(t) passing
through the points q1 at time t1 and q2 at time t2. Then the action evaluated on this
history becomes
S(q2,q1) =
∫ t2
t1
dtN L|qc =
∫ t2
t1
dtN Dq · ∂L
∂Dq
∣∣∣∣
qc
=
∫ q2
q1
dq ·P|qc . (12)
As a result
∂S
∂q2
= P2,
∂S
∂q1
= −P1, ∂S
∂t2
=
∂S
∂t1
= 0. (13)
The absence of explicit dependence on the initial and final times (t1, t2) reflects the hamilto-
nian constraint. Related to this is the gauge-independence of the Hamilton-Jacobi function:
∂S
∂N
∣∣∣∣
q1,q2
= 0. (14)
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Eqs. (11) and (13) imply that S satisfies the Hamilton-Jacobi equation
1
2
Gij(q)
∂S
∂qi
∂S
∂qj
+ V (q) = 0. (15)
Observe, that this equation is manifestly gauge independent.
3 Pure FLRW cosmology
An example of a reparametrization invariant theory is provided by the FLRW models of
cosmology. In this section we consider the pure model without any additional degrees
of freedom, such as cosmological scalar fields, but allowing for a cosmological constant.
Taking natural units in which 8piG = c = 1, the FLRW metric reads
ds2 = −N2dt2 + a2
(
dr2
1− kr2 + r
2dΩ2
)
, (16)
where N(t) is the lapse function, a(t) is the scale factor, and k is the constant determining
the spatial curvature: k = 0 for flat space, k = +1 for spherical space and k = −1 for
hyperbolic space. For this metric the Einstein action per unit co-ordinate volume for GR,
including a cosmological constant, becomes
A =
∫ t2
t1
dtN
(−3a (Da)2 + 3ka− εa3) . (17)
In these models a(t) is the only physically relevant dynamical parameter. Its conjugate
momentum is
pa =
∂L
∂Da = −6aDa, (18)
whilst the covariant hamiltonian defined according to (8) reads
H = Da ∂L
∂Da − L = −
p2a
12a
− 3ka+ εa3. (19)
Note, that with a > 0 the pure FLRW models actually have a negative-definite metric for
the kinetic terms, indicating that a is a potential internal clock variable.
The expansion rate of the universe is expressed by the covariant Hubble parameter
H =
Da
a
= − pa
6a2
. (20)
It can be used to simplify the cosmological evolution equations. In particular the hamilto-
nian becomes
H = a3
(
−3H2 − 3k
a2
+ ε
)
, (21)
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whilst the Euler-Lagrange equation takes the form
2DH + 3H2 + k
a2
− ε = 0. (22)
Using the hamiltonian constraint this can actually be written in a form which is valid for
all k:
DH +H2 − ε
3
= 0. (23)
Expression (19) now provides the form of the Hamilton-Jacobi equation for pure FLRW
cosmology:
− 1
12a
(
∂S
∂a
)2
− 3ka+ εa3 = 0. (24)
Obviously, this equation can be solved only if εa2 − 3k ≥ 0. Upon this condition, we look
for the solutions of this equation passing through the points (a1, a2). These solutions are
given by
S(a2, a1) = −6
ε
(
εa22
3
− k
)3/2
+
6
ε
(
εa21
3
− k
)3/2
. (25)
It follows, that the momenta are
pa = −6a
√
εa2
3
− k, (26)
evaluated at either end point of the trajectory. The covariant Hubble parameter is:
H(a) =
√
ε
3
− k
a2
. (27)
This is seen to reproduce the constraint for the hamiltonian (21). At any time the rate
of change of the scale factor, expressed by the Hubble parameter, depends only on the
instantaneous value of a itself, but not on the co-ordinate time at which this value is
reached. This observation also explains why the Hamilton-Jacobi function (25) is fully
separable in initial and final terms.
For any choice of time co-ordinate one can now relate the time to the value of the scale
parameter, by integrating eq. (27):∫ t2
t1
dtN(t) =
√
3
∫ a2
a1
da√
εa2 − 3k . (28)
The integral on the right-hand side is elementary and can be performed explicitly in all
relevant cases. We check that it reproduces the standard results. First, for k = +1 we
have to require εa2 > 3; thus ε > 0 and a has a minimal value
√
3/ε. If we identify t = 0
with the time at which the scale factor reaches the minimum, the functional form of a(t)
becomes
a(t) =
√
3
ε
cosh
(√
ε
3
∫ t
0
N(t′)dt′
)
. (29)
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Next in the spatially flat case k = 0 either ε = 0, which yields Minkowski space with H = 0
and a = constant; or ε > 0, corresponding to de Sitter space and exponential expansion.
Explicitly:
a(t) = a(0)e
√
ε/3
∫ t
0 N(t
′)dt′ . (30)
Finally, in hyperbolic space k = −1 all values of ε are allowed, with the restriction that
for ε < 0 the scale factor reaches a maximum value
√
3/|ε|, beyond which the universe
collapses again. In detail:
for ε > 0 : a(t) =
√
3
ε
sinh
(√
ε
3
∫ t
0
N(t′)dt′
)
;
for ε = 0 : a(t) =
∫ t
0
N(t′)dt′;
for ε < 0 : a(t) =
√
3
|ε| sin
(√
|ε|
3
∫ t
0
N(t′)dt′
)
.
(31)
In all cases we have taken t = 0 to be the time of the beginning of expansion: a(0) = 0.
4 The cosmological σ-model
In view of their invariance under reparametrizations, it is straightforward to include scalar
fields in models for the evolution of homogeneous and isotropic universes. This is of
considerable interest, not only because they can play a role in the development of the early
universe, but also because of their role in the microscopic physics of matter and interactions.
As scalar fields play a part in determining the values of fundamental parameters of physics,
like the Fermi constant of weak interactions, these values can depend a priori on the history
of the universe.
The scalar fields most likely to be of interest in any scenario are those with long range
and small masses, at least compared to the Planck scale which governs the very early
universe. Certainly in the context of particle physics this immediately raises the question
as to what would guarantee the stability of these small masses. A particular scenario is
the stabilization of light scalars by the Nambu-Goldstone mechanism which accompanies
spontaneous symmetry breaking [21, 22]. Another possibility for generating light scalars
is the appearance of moduli after dimensional reduction from higher dimensions [36, 37,
38]. Light scalars of these types can be described effectively by σ-models, and it is the
cosmological evolution of such models that we consider in this section.
In homogeneous and isotropic universes collective degrees of freedom can be carried by
scalar fields ϕi(t) depending only on cosmic time t; this is any time co-ordinate for which
the equal-time surface have constant curvature, describe by the FLRW space-time metric
(16). The action of such a set of fields coupled to the large-scale cosmological space-time
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reads
A =
∫
dtN
[
−3a(Da)2 + 1
2
a3GijDϕiDϕj + 3ka− εa3
]
. (32)
Here Gij(ϕ) is the metric on the scalar manifold, which admits Killing vectors for any non-
linear (broken) and linear (non-broken) symmetries of the theory. In the limit of broken
exact symmetries the fields are rigidly massless, and we omit any potential terms for the
scalars. For light, but not massless, pseudo-Goldstone scalars our treatment needs to be
slightly generalized, as discussed in sect. 6 below.
Starting from the action (32) we derive the covariant momenta and hamiltonian:
pa =
∂L
∂Da = −6a
2H, pi =
∂L
∂Dϕi = a
3GijDϕj, (33)
and
H = − 1
12a
p2a +
1
2a3
Gijpipj − 3ka+ εa3. (34)
In configuration space, the Euler-Lagrange equations and constraint take the form
2DH + 3H2 + 1
2
GijDϕiDϕj + k
a2
− ε = 0,
D2ϕi + Γ ijkDϕjDϕk + 3HDϕi = 0,
3H2 − 1
2
GijDϕiDϕj + 3k
a2
− ε = 0.
(35)
The scalar field equation can be integrated to give
D (a6GijDϕiDϕj) = 0 ⇒ GijDϕiDϕj = ω2
a6
, (36)
where we have assumed that the scalar metric Gij is positive definite and ω
2 is a constant
of integration. Combining the remaining two equations can be transformed to
3H2 =
ω2
2a6
− 3k
a2
+ ε, DH + 3H2 + 2k
a2
− ε = 0. (37)
It is straightforward to check that the first of these equations is an integral solution of the
second one.
In view of the hamiltonian (34) the Hamilton-Jacobi equation for these models is:
− 1
12a
(
∂S
∂a
)2
+
1
2a3
Gij
∂S
∂ϕi
∂S
∂ϕj
− 3ka+ εa3 = 0. (38)
Now as the potential terms depend only on the scale factor, the equation can be separated:
S(a, ϕi) = Sgr(a) + Sσ(ϕ
i), (39)
7
such that
pa =
∂Sgr
∂a
, pi =
∂Sσ
∂ϕi
. (40)
Then separation of variables is achieved by writing
Gij
∂Sσ
∂ϕi
∂Sσ
∂ϕj
= ω2,
a2
6
(
∂Sgr
∂a
)2
+ 6ka4 − 2εa6 = ω2, (41)
where ω2 is a constant of integration, representing the energy of the scalar fields. Observe,
that the dynamics of gravitational sector only depends on the σ-model fields through this
constant. The general solution for the gravitational terms in the Hamilton-Jacobi function
is obtained by direct integration:
Sgr(a2, a1) = −
√
6ω
∫ 2
1
da
a
√
1− 6k
ω2
a4 +
2ε
ω2
a6. (42)
This integral can be performed explicitly in two special cases:
1. If k = 0 the solution reads
Sgr = −
√
2
3
ω
[
ln
(
a2
a1
)3
− ln
(
1 +
√
1 + 2εa62/ω
2
1 +
√
1 + 2εa61/ω
2
)
+
√
1 +
2ε
ω2
a62 −
√
1 +
2ε
ω2
a61
]
;
(43)
2. if ε = 0 the solution for the various k-values is
Sgr = −
√
3
2
ω
[
ln
(
a2
a1
)2
− ln
(
1 +
√
1− 6ka42/ω2
1 +
√
1− 6ka41/ω2
)
+
√
1− 6k
ω2
a42 −
√
1− 6k
ω2
a41
]
.
(44)
It follows, that the on-shell momenta are given by
pa = −6a2H, H = ω
a3
√
6
√
1− 6k
ω2
a4 +
2ε
ω2
a6. (45)
Following eq. (28) the relation between the scale factor and the time co-ordinate can be
determined here as well:∫ t2
t1
N(t)dt =
√
6
∫ a2
a1
da
a2√
ω2 − 6ka4 + 2εa6 . (46)
For k = 0, and with the convention a(0) = 0, evaluation of the integral gives:
for ε > 0 : a3(t) =
ω√
2ε
sinh
(√
3ε
∫ t
0
N(t′)dt′
)
;
for ε = 0 : a3(t) =
√
3
2
ω
∫ t
0
N(t′)dt′;
for ε < 0 : a3(t) =
ω√
2|ε| sin
(√
3|ε|
∫ t
0
N(t′)dt′
)
,
(47)
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where in the last case for single-valuedness we have to impose the restriction
0 <
√
3|ε|
∫ t
0
N(t′)dt′ < pi. (48)
5 Solving for the scalar fields: the O(N) σ-model
The first equation (41) is the Hamilton-Jacobi equation for the scalar fields of the σ-model:
Gij
∂Sσ
∂ϕi
∂Sσ
∂ϕj
= ω2.
In order to make progress we have to specify the nature of the scalar field metric. An
explicit example is provided by the O(N) σ-model [35], in which a scalar field Φ with the
free action
Aσ =
1
2
∫ 2
1
dtNa3 (DΦ)2 . (49)
takes values on the sphere SN−1:
Φ2 = 1, Φ = (Φ1, ...,ΦN). (50)
This constraint can be solved by introducing projective co-ordinates
Φi =
ϕi√
1 + ϕ2
, i = (1, ..., N − 1),
ΦN =
1√
1 + ϕ2
.
(51)
In this parametrisation the action takes the form (32) with
Gij =
δij
1 + ϕ2
− ϕiϕj
(1 + ϕ2)2
, Gij =
(
1 + ϕ2
) (
δij + ϕiϕj
)
. (52)
The components of the connection are
Γ kij = −
δki ϕj + δ
k
j ϕi
1 + ϕ2
. (53)
Then the Hamilton-Jacobi equation for the scalar fields takes the explicit form(
∂Sσ
∂ϕ
)2
+
(
ϕ · ∂Sσ
∂ϕ
)2
=
ω2
1 + ϕ2
. (54)
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As shown below, an explicit solution of this equation is
Sσ = ω arctan
√
ϕ2, (55)
with the momentum expressed by
p =
∂Sσ
∂ϕ
=
ωn
1 + ϕ2
, n =
ϕ√
ϕ2
. (56)
Now by inverting the second equation (33) one gets
Dϕi = 1
a3
Gijpj =
ω
a3
(
1 + ϕ2
) ϕi√
ϕ2
⇒ ϕ · Dϕ
ϕ2
=
ω
a3
(
1 + ϕ2
) 1√
ϕ2
, (57)
which implies
Dn = 1√
ϕ2
(
Dϕ− ϕ · Dϕ
ϕ2
ϕ
)
= 0. (58)
Hence the unit vector n is constant, and ϕ can change its length, but not its direction:
ϕ(t) = f(t)n ⇒ f(t) = n · ϕ(t). (59)
It follows, that
Df = ω
a3
(
1 + f 2
) ⇒ D arctan f = ω
a3
. (60)
However, in order to write the solution for ϕ in a form which is independent of the choice
of time parameter, one can replace the dependence on t by the dependence on a:
d
da
arctan f =
ω
a4H
=
ω
√
6
a
√
ω2 − 6ka4 + 2εa6 . (61)
This can be integrated for the known cosmological solutions for the scale factor. For ex-
ample, in flat FLRW space-time (k = 0) one gets
f(a2) = tan
{√
3
2
[
ln
(
a2
a1
)3
− ln
(
1 +
√
1 + 2εa62/ω
2
1 +
√
1 + 2εa61/ω
2
)]
+ arctan f(a1)
}
, (62)
which is equivalent to
f(a2)− f(a1)
1 + f(a2)f(a1)
= tan
√
2
3
[
ln
(
a2
a1
)3
− ln
(
1 +
√
1 + 2εa62/ω
2
1 +
√
1 + 2εa61/ω
2
)]
. (63)
Clearly, a convenient initial condition is to take a1 the scale at which f(a1) = 0. Note
that to avoid singularities, the solution requires the domain of the scale parameter to be
restricted to
− pi
2
√
3
2
< ln
(
a2
a1
)3
− ln
(
1 +
√
1 + 2εa62/ω
2
1 +
√
1 + 2εa61/ω
2
)
<
pi
2
√
3
2
. (64)
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6 Massive scalars
The cosmological models with massless scalars can be extended with mass terms, as hap-
pens for example due to soft breaking of the symmetries that generate Goldstone bosons.
Assuming the masses to be degenerate, the action (32) is generalized to
A =
∫
dtNa3
[
−3
(Da
a
)2
+
3k
a2
− ε+ 1
2
GijDϕiDϕj − 1
2
m2ϕ2i
]
. (65)
The corresponding Hamilton-Jacobi equation reads
1
12a
(
∂S
∂a
)2
− 3ka+ εa3 + 1
2a3
Gij
∂S
∂ϕi
∂S
∂ϕj
+
1
2
m2a3ϕ2i = 0. (66)
This equation is no longer separable in terms of scale factor and scalar fields. However,
assuming the mass m to be small on the Planck scale, we can construct perturbative
solutions by expanding S in the form
S = Sgr + Sσ +m
2S1, (67)
To first order in m2 the perturbation S1 must satisfy
aH
∂S1
∂a
+Dϕi∂S1
∂ϕi
+
1
2
a3ϕ2i = 0, (68)
Here (a,H, ϕi) are taken to represent the unperturbed solutions of the massless theory
constructed above. In the context of the O(N)-model we have been able to write these
solutions in time-independent form (61), (62). We can use the same procedure to write eq.
(68) as
H
(
∂S1
∂a
+
dϕi
da
∂S1
∂ϕi
)
+
1
2
a2ϕ2i = 0, (69)
For the O(N)-model an explicit solution can be constructed by parametrizing S1 in the
form
S1 =
∑
k≥0
σk(a)f
k, f 2 = ϕ2. (70)
Using the result (61) and introducing the comoving volume ν = a3, this equation takes the
form ∑
k≥0
[
3H
dσk
dν
+
ω(k + 1)σk+1
ν2
(
1 + f 2
)]
fk = −f
2
2
, (71)
and by comparing powers of f on both sides of the equation one gets
3H
dσ0
dν
+
ωσ1
ν2
= 0, 3H
dσ1
dν
+
2ωσ2
ν2
= 0,
3H
dσ2
dν
+
ω(3σ3 + σ1)
ν2
= −1
2
, 3H
dσ3
dν
+
ω(4σ4 + 2σ2)
ν2
= 0,
(72)
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Here we only consider the case of flat background space-time k = ε = 0, with
H =
ω
ν
√
6
.
The solution of (71), (72) then is
σk =
1
2ω
αk ν
2, (73)
where the coefficients αk satisfy the relations
√
6α0 + α1 = 0,
√
6α1 + 2α2 = 0,
√
6α2 + 3α3 + α1 = −1,
√
6α3 + 4α4 + 2α2 = 0,
(74)
These equations are solved by
α1 = −
√
6α0, α2 = 3α0, α3 = −1
3
− 2
3
√
6α0, (75)
for the first four coefficients, and a recurrence relation
αk+1 = −
√
6
k + 1
αk −
(
k − 1
k + 1
)
αk−1, (76)
for the remaining coefficients. The final expression for S1 now takes the simple form
m2S1 =
m2a6
2ω
∑
k≥0
αkf
k +O(m4) (77)
The series defined by (77) is absolutely convergent for | f |< 1, because the second term of
the recurrence relation (76) tends to 1 when k →∞. This of course restricts our solutions
to small perturbations around the equilibrium solution.
In particular, for the case α0 = 0 we get
α1 = α2 = 0, α3 = −1
3
, α4 =
√
6
12
, .... (78)
The equation for the second-order contribution S2(a, ϕ) is also easily obtained:
− 1
6
(
∂S0
∂a
)(
∂S2
∂a
)
+
1
a3
Gij
(
∂S0
∂ϕi
)(
∂S2
∂ϕj
)
=
1
12
(
∂S1
∂a
)2
+
1
a3
Gij
(
∂S1
∂ϕi
)(
∂S1
∂ϕj
)
.
(79)
We see that as usual, the left-hand side containing the unknown function S2 is of the same
form as the linear approximation for S1, whereas the right-hand side contains expressions
quadratic in S1, which is a known function due to the previously found solution. The initial
condition has been already set, so here the intial condition should be S2 = 0 at a = 0.
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7 Discussion
In this paper we have developed the Hamilton-Jacobi formalism for theories with time-
reparametrization invariance. These theories have non-trivial solutions only in the presence
of negative-energy contributions to the covariant hamiltonian. Using covariant definitions
of the generalized momenta, solutions can be obtained at once for all choices of gauge.
The formalism was applied to models of the cosmological evolution of anisotropic and
homogeneous universes of the FLRW type, allowing for extensions with spatiallly homo-
geneous scalar fields. In particular we studied solutions for theories with Goldstone fields,
as parametrized by non-linear σ-models. In these theories the Hamilton-Jacobi function
is separable, allowing for explicit solutions for the gravitational sector of the models. The
case of the non-linear O(N)-models was considered in more detail and an explicit solution
was obtained. This solution actually represents motion with constant internal angular
momentum on a great circle on SN−1 passing through the poles. In addition, we showed
how to construct solutions for scalar fields with non-vanishing mass, by treating the mass
terms as a perturbation of the massless theory.
Our solution of the massless O(N)-model, although representative of the general solu-
tion, is not unique, as the symmetries of the models allow one to rotate the solution to any
great circle obtained by cutting the sphere with a plane passing through the center. In fact,
as the choice of orientation of n in (59) is free, all great circles passing through the poles are
obtained by rotations over a fixed angle of ϕ, or equivalently n, in the (N −1)-dimensional
plane. More solutions, corresponding to great circles in different planes rotated w.r.t. the
polar axis, are generated by the modified Hamilton-Jacobi function
S ′σ = Sσ + δSσ, δSσ = ω
 · ϕ√
ϕ2
= ω · n, (80)
to first order in the N − 1 parameters . Indeed, this modification transforms the scalar
field conjugate momentum to
p′ = p+ δp, δp =
ω√
ϕ2
(− nn · ) , (81)
while leaving the value of ω2 unchanged:
p · δp = ϕ · δp = 0. (82)
Of course, our conclusions are modified in the quantum regime, where the values of ω2 are
limited to
ω2 → l(l +N − 2), l = 0, 1, 2, ...
and only a finite number of orientations of the internal angular momentum are allowed. It
is to be noticed that the models defined here possess a dynamical SO(2, 1) invariance [37],
which can be used to construct the spectrum.
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